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Abstract
In this paper, we first give two interesting operator identities, and then, using them and the q-
exponential operator technique to some terminating summation formulas of basic hypergeometric
series and q-integrals, we obtain some q-series identities and q-integrals involving 3φ2.
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1. Introduction
Throughout this paper, let 0 < q < 1. We adopt the following notation and terminology
in [6]. The q-shifted factorial is defined by
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n−1∏
k=0
(1 − aqk), (a;q)∞ =
∞∏
k=0
(1 − aqk). (1)
The q-binomial coefficient is defined by[
n
k
]
= (q;q)n
(q;q)k(q;q)n−k . (2)
The basic hypergeometric series r+1φr is given by
r+1φr
(
a1, a2, . . . , ar+1
b1, b2, . . . , br
;q, x
)
=
∞∑
n=0
(a1, a2, . . . , ar+1;q)n
(q, b1, b2, . . . , br ;q)n x
n.
In this paper, we will use frequently the following equations:
(a;q)n = (a;q)∞
(aqn;q)∞ (3)
and
(q/a;q)n = (−a)−nq(n+12 ) (q
−na;q)∞
(a;q)∞ (4)
or
(q−na;q)∞ = (−a)nq−(n+12 )(q/a;q)n(a;q)∞. (5)
For convenience, we also adopt the following notation for multiple q-shifted factorial:
(a1, a2, . . . , am;q)n = (a1;q)n(a2;q)n . . . (am;q)n,
and [
a1, . . . , ar
b1, . . . , br
∣∣∣∣q
]
n
= (a1, . . . , ar ;q)n
(b1, . . . , br ;q)n ,
where n is an integer or ∞.
Our paper is organized as follows. Section 2 gives two new operator identities which are
a generalization of Chen and Liu’s results. In Section 3, we apply the operator identities to
terminating basic hypergeometric series and obtain some summation formulas involving
3φ2 summation. In Section 4, we use the operator identities to q-integrals and obtain some
q-integrals involving 3φ2 summation which extend some famous q-integrals, such as the
Ismail–Stanton–Viennot integral, Gasper integral formula.
2. Two operator identities
The q-differential operator Dq and the q-shifted operator η are defined by
Dq
{
f (a)
}= 1
a
(
f (a) − f (aq)) and η{f (a)}= f (aq),
respectively. In [3], Chen and Liu constructed operator
θ = η−1Dq.
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T (bDq) =
∞∑
n=0
(bDq)
n
(q;q)n and E(bθ) =
∞∑
n=0
(bθ)nq(
n
2)
(q;q)n .
Then the following operator identities were obtained.
Theorem 2.1 (Chen and Liu [3,4]). Let T (bDq) and E(bθ) be respectively defined as
above. Then
T (bDq)
{
1
(at;q)∞
}
= 1
(at, bt;q)∞ , (6)
T (bDq)
{
1
(as, at;q)∞
}
= (abst;q)∞
(as, at, bs, bt;q)∞ , (7)
E(bθ)
{
(at;q)∞
}= (at, bt;q)∞, (8)
E(bθ)
{
(as, at;q)∞
}= (as, at, bs, bt;q)∞
(abst/q;q)∞ . (9)
Now we state two lemmas which are to be used later.
Lemma 2.2. Let Dq and θ be defined as above. Then
θn
{
f (a)g(a)
}= n∑
k=0
[
n
k
]
θk
{
f (a)
}
θn−k
{
g(aq−k)
} (10)
and
Dnq
{
f (a)g(a)
}= n∑
k=0
qk(k−n)
[
n
k
]
Dkq
{
f (a)
}
Dn−kq
{
g(aqk)
}
. (11)
Proof. See [3] and [4]. 
Note that θ = qDq−1 . So (10) and (11) are equivalent under the transformation
q → q−1.
Lemma 2.3. Let n be a nonnegative integer. Then
θn
{
(at;q)∞
(aυ;q)∞
}
= υnq−(n2)(t/υ;q)n (at;q)∞
(aυ/qn;q)∞ , (12)
Dnq
{
(aυ;q)∞
(at;q)∞
}
= tn(υ/t;q)n (aυq
n;q)∞
(at;q)∞ . (13)
Proof. Use the definitions of θ and Dq and induction. 
Next we give two new operator identities which are extensions of Theorem 2.1.
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T (dDq)
{
(aυ;q)∞
(as, at, aw;q)∞
}
= (aυ, dυ;q)∞ · (adstw/υ;q)∞
(as, at, aw,ds, dt, dw;q)∞
× 3φ2
(
υ/s, υ/t, υ/w
aυ, dυ
;q, adstw/υ
)
, (14)
where |adstw/υ| < 1.
Proof.
T (dDq)
{
(aυ;q)∞
(as, at, aw;q)∞
}
=
∞∑
k=0
dk
(q;q)k D
k
q
{
(aυ;q)∞
(at;q)∞ ·
1
(as, aw;q)∞
}
=
∞∑
k=0
dk
(q;q)k
k∑
j=0
qj (j−k)
[
k
j
]
D
j
q
{
(aυ;q)∞
(at;q)∞
}
D
k−j
q
{
1
(asqj , awqj ;q)∞
}
=
∞∑
k=0
dk
(q;q)k
k∑
j=0
qj (j−k)
[
k
j
]
tj (υ/t;q)j
{
(aυqj ;q)∞
(at;q)∞
}
×Dk−jq
{
1
(asqj , awqj ;q)∞
}
=
∞∑
j=0
(υ/t;q)j (aυqj ;q)∞
(q;q)j (at;q)∞ t
j
∞∑
k=j
dk
(q;q)k−j q
j (j−k)Dk−jq
{
1
(asqj , awqj ;q)∞
}
= (aυ;q)∞
(at;q)∞
∞∑
j=0
(υ/t;q)j
(q;q)j (aυ;q)j (td)
j
∞∑
k=0
dk
(q;q)k q
−kjDkq
{
1
(asqj , awqj ;q)∞
}
= (aυ;q)∞
(at;q)∞
∞∑
j=0
(υ/t;q)j
(q;q)j (aυ;q)j (td)
j
∞∑
k=0
(dq−jDq)k
(q;q)k
{
1
(asqj , awqj ;q)∞
}
= (aυ;q)∞
(at;q)∞
∞∑
j=0
(υ/t;q)j
(q;q)j (aυ;q)j (td)
j · T (dq−jDq)
{
1
(asqj , awqj ;q)∞
}
= (aυ;q)∞
(at;q)∞
∞∑
j=0
(υ/t;q)j
(q;q)j (aυ;q)j (td)
j · (adswq
j ;q)∞
(asqj , awqj , ds, dw;q)∞
= (aυ;q)∞
(at, ds, dw;q)∞
∞∑
j=0
(υ/t;q)j
(q;q)j (aυ;q)j (td)
j · (adsw;q)∞(as, aw;q)j
(adsw;q)j (as, aw;q)∞
= (aυ, adsw;q)∞
(at, as, aw,ds, dw;q)∞
∞∑ (υ/t, as, aw;q)j
(q, aυ, adsw;q)j (td)
jj=0
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(at, as, aw,ds, dw;q)∞ 3φ2
(
υ/t, as, aw
aυ, adsw
;q, dt
)
.
We take the place of a, b, c d and e with υ/t , υ/s, υ/w, υa and υd respectively in Hall
transformation [6]:
3φ2
(
a, b, c
d, e
;q, de/abc
)
= (e/a, de/bc;q)∞
(e, de/abc;q)∞ 3φ2
(
a, d/b, d/c
d, de/bc
;q, e/a
)
,
then
3φ2
(
υ/t, υ/s, υ/w
aυ, dυ
;q, adstw/υ
)
= (dt, adsw;q)∞
(dυ, adstw/υ;q)∞ 3φ2
(
υ/t, as, aw
aυ, adsw
;q, dt
)
,
i.e.,
3φ2
(
υ/t, as, aw
aυ, adsw
;q, dt
)
= (dυ, adstw/υ;q)∞
(dt, adsw;q)∞ 3φ2
(
υ/t, υ/s, υ/w
aυ, dυ
;q, adstw/υ
)
.
Hence,
T (dDq)
{
(aυ;q)∞
(as, at, aw;q)∞
}
= (aυ, dυ, adstw/υ;q)∞
(as, at, aw,ds, dt, dw;q)∞ 3φ2
(
υ/s, υ/t, υ/w
aυ, dυ
;q, adstw/υ
)
. 
Remark. When we take υ = stw, Theorem 2.4 becomes the result of Liu’s paper [8].
Theorem 2.5.
E(dθ)
{
(at, as, aw;q)∞
(aυ;q)∞
}
= (at;q)∞
(aυ;q)∞ ·
(as, aw,ds, dw;q)∞
(adsw/q;q)∞ 3φ2
(
t/υ, q/as, q/aw
q/aυ, q2/adsw
;q, q
)
. (15)
Specially,
E(dθ)
{
(at;q)n(as, aw;q)∞
}
= E(dθ)
{
(at, as, aw;q)∞
(atqn;q)∞
}
= (at;q)n · (as, aw,ds, dw;q)∞
(adsw/q;q)∞ 3φ2
(
q−n, q/as, q/aw
q1−n/at, q2/adsw ;q, q
)
. (16)
Proof. From Lemmas 2.2 and 2.3, it follows
658 Z. Zhang, J. Wang / J. Math. Anal. Appl. 312 (2005) 653–665E(dθ)
{
(at, as, aw;q)∞
(aυ;q)∞
}
=
∞∑
k=0
dkq(
k
2)
(q;q)k θ
k
{
(at;q)∞
(aυ;q)∞ · (as, aw;q)∞
}
=
∞∑
k=0
dkq(
k
2)
(q;q)k
k∑
j=0
[
k
j
]
θj
{
(at;q)∞
(aυ;q)∞
}
θk−j
{
(asq−j , awq−j ;q)∞
}
=
∞∑
k=0
dkq
(
k
2
)
(q;q)k
k∑
j=0
[
k
j
]
υjq−(
j
2)(t/υ;q)j
{
(at;q)∞
(aυq−j ;q)∞
}
× θk−j{(asq−j , awq−j ;q)∞}
=
∞∑
j=0
υjq−(
j
2)(t/υ;q)j (at;q)∞
(q;q)j (aυq−j ;q)∞
∞∑
k=j
dkq(
k
2)
(q;q)k−j θ
k−j{(asq−j , awq−j ;q)∞}
=
∞∑
j=0
υjq−(
j
2)(t/υ;q)j (at;q)∞
(q;q)j (aυq−j ;q)∞
∞∑
k=0
dk+j q(
k+j
2 )
(q;q)k θ
k
{
(asq−j , awq−j ;q)∞
}
=
∞∑
j=0
υjdj (t/υ;q)j (at;q)∞
(q;q)j (aυq−j ;q)∞
∞∑
k=0
(dqj θ)kq(
k
2)
(q;q)k
{
(asq−j , awq−j ;q)∞
}
=
∞∑
j=0
υjdj (t/υ;q)j (at;q)∞
(q;q)j (aυq−j ;q)∞ · E(dq
j θ)
{
(asq−j , awq−j ;q)∞
}
= (at, ds, dw;q)∞
∞∑
j=0
υjdj (t/υ;q)j
(q;q)j
× (−as)j q
−(j+12 )(q/as;q)j (as;q)∞(−aw)j q−(
j+1
2 )(q/aw;q)j (aw;q)∞
(−aυ)j q−(j+12 )(q/aυ;q)j (aυ;q)∞(−adsw/q)j q−(
j+1
2 )(q2/adsw;q)j (adsw/q;q)∞
= (at;q)∞ (as, aw,ds, dw;q)∞
(aυ, adsw/q;q)∞
∞∑
j=0
(t/υ;q)j (q/as;q)j (q/aw;q)j
(q/aυ;q)j (q2/adsw;q)j q
j
= (at;q)∞
(aυ;q)∞ ·
(as, aw,ds, dw;q)∞
(adsw/q;q)∞ 3φ2
(
t/υ, q/as, q/aw
q/aυ, q2/adsw
;q, q
)
,
as desired. In (15), taking υ → tqn, we obtain (16). 
Remark. Theorem 2.1 is a special case of Theorems 2.4 and 2.5 for t = υ . When n = 0,
(16) turns into (9) of Theorem 2.1.
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In the context of this section, convergence of basic hypergeometric series is no issue at
all because they are the terminating q-series.
Theorem 3.1.
n∑
k=0
[
q−n, a, b, d
q, c, abq1−n/c, bdq1−n/c
∣∣∣∣q
]
k
× 3φ2
(
bqk, bq1−n/c, q−(n−k)
abq1−n+k/c, bdq1−n+k/c ;q, adq/c
)
qk
=
[
c/a, c/b, c/d
c, c/ab, c/bd
∣∣∣∣q
]
n
b−n. (17)
Proof. The well-known q-Pfaff–Saalschutz summation formula is
3φ2
(
a, b, q−n
c, abq1−n/c ;q, q
)
= (c/a, c/b;q)n
(c, c/ab;q)n . (18)
See [6].
Using (3) and (4), we rewrite (18) as
n∑
k=0
(q−n, b;q)k
(q, c;q)k q
k ·
{
(abq1−n+k/c;q)∞
(aq1−n/c, aqk, abq/c;q)∞
}
= (c/b;q)n
(c;q)n b
n ·
{
1
(aq/c, a;q)∞
}
. (19)
Apply the operator T (dDq) to both sides of Eq. (19) with respect to the variable a, then
n∑
k=0
(q−n, b;q)k
(q, c;q)k q
k · T (dDq)
{
(abq1−n+k/c;q)∞
(aq1−n/c, aqk, abq/c;q)∞
}
= (c/b;q)n
(c;q)n b
n · T (dDq)
{
1
(aq/c, a;q)∞
}
. (20)
By Theorems 2.1 and 2.4, we have
T (dDq)
{
(abq1−n+k/c;q)∞
(aq1−n/c, aqk, abq/c;q)∞
}
= (abq
1−n+k/c, bdq1−n+k/c, adq/c;q)∞
(aq1−n/c, aqk, abq/c, dq1−n/c, dqk, dbq/c;q)∞
× 3φ2
(
bqk, bq1−n/c, q−(n−k)
abq1−n+k/c, bdq1−n+k/c ;q, adq/c
)
,
and
T (dDq)
{
1
}
= (adq/c;q)∞ .(aq/c, a;q)∞ (aq/c, a, dq/c, d;q)∞
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of the theorem. 
Theorem 3.2.
n∑
k=0
[
q−n, a, b, abdq1−n/c2
q, c, abq1−n/c, bdq1−n/c
∣∣∣∣q
]
k
× 3φ2
(
q−k, c/a, cqn−k/ab
q1−k/a, c2qn−k/abd ;q, q
)
qk
=
[
c/a, c/b, c/d
c, c/ab, c/bd
∣∣∣∣q
]
n
b−n. (21)
Proof. We rewrite (19) as
n∑
k=0
(q−n, b;q)k
(q, c;q)k q
k ·
{
(a, aq/c, abq1−n+k/c;q)∞
(aqk;q)∞
}
= (c/b;q)n
(c;q)n b
n · {(aq1−n/c, abq/c;q)∞}. (22)
Apply the operator E(dθ) to both sides of above equation with respect to the variable a,
then
n∑
k=0
(q−n, b;q)k
(q, c;q)k q
k · E(dθ)
{
(a, aq/c, abq1−n+k/c;q)∞
(aqk;q)∞
}
= (c/b;q)n
(c;q)n b
n · E(dθ){(aq1−n/c, abq/c;q)∞}. (23)
By Theorems 2.1 and 2.5, we have
E(dθ)
{
(a, aq/c, abq1−n+k/c;q)∞
(aqk;q)∞
}
= (a;q)∞
(aqk;q)∞ ·
(aq/c, abq1−n+k/c, dq/c, bdq1−n+k/c;q)∞
(abdq1−n+k/c2;q)∞
× 3φ2
(
q−k, c/a, cqn−k/ab
q1−k/a, c2qn−k/abd ;q, q
)
and
E(dθ)
{
(aq1−n/c, abq/c;q)∞
}= (aq1−n/c, abq/c, dq1−n/c, bdq/c;q)∞
(abdq1−n/c2;q)∞ .
Substituting these two identities into (23) and then using (3), we complete the proof. 
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n∑
k=0
[
q−n, a, b
q, c, abq1−n/c
∣∣∣∣q
]
k
3φ2
(
bq1−n/c, q/a, c/a
q1−k/a, cq/ad ;q, q
)
qk
=
[
c/a, c/b, c/d
c, c/ab, c2/abd
∣∣∣∣q
]
n
(
c
ab
)n [
bdq/c, ad/c
d, abdq/c2
∣∣∣∣q
]
∞
. (24)
Proof. (19) is also rewritten as
n∑
k=0
(q−n, b;q)k
(q, c;q)k q
k ·
{
(a, aq/c, abq1−n+k/c;q)∞
(aqk;q)∞
}
= (c/b;q)n
(c;q)n b
n · {(aq1−n/c, abq/c;q)∞}. (25)
Take the action of the operator E(dθ) on both sides of (25) with respect to the variable a,
then
n∑
k=0
(q−n, b;q)k
(q, c;q)k q
k · E(dθ)
{
(abq1−n+k/c, a, aq/c;q)∞
(aqk;q)∞
}
= (c/b;q)n
(c;q)n b
n · E(dθ){(aq1−n/c, abq/c;q)∞}. (26)
By Theorems 2.1 and 2.5, we have
E(dθ)
{
(abq1−n+k/c, a, aq/c;q)∞
(aqk;q)∞
}
= (abq
1−n+k/c;q)∞
(aqk;q)∞ ·
(a, qa/c, d, qd/c;q)∞
(ad/c;q)∞
× 3φ2
(
bq1−n/c, q/a, c/a
q1−k/a, cq/ad ;q, q
)
,
and
E(dθ)
{
(aq1−n/c, abq/c;q)∞
}= (aq1−n/c, abq/c, dq1−n/c, bdq/c;q)∞
(abdq1−n/c2;q)∞ .
Substituting these two identities into (26) and then using (3), we complete the proof of the
theorem. 
Remark. If we take d = 0 in Theorems 3.1–3.3, then those results all become the q-Pfaff–
Saalschutz summation formula.
Theorem 3.4. Let p be an integer. Then
n∑[ a, qa 12 , −qa 12 , b, c, d, q−n
q, a
1
2 , −a 12 , aq/b, aq/c, aq/d, aqn+1
∣∣∣∣∣q
] (
−aq
n+2
bcd
)k
q−(
k+1
2 )k=0 k
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(
q−(p−1)n, qkb, q−kb/a
q−pnbc/a, bd/a ;q, q
)
=
[
aq, aq/bd, aq/bc
aq/c, aq/b, aq/d
∣∣∣∣q
]
n
3φ2
(
q−pn, b, q−nb/a
q−pnbc/a, q−nbd/a ;q, q
)
. (27)
Proof. The well-known terminating summation formula 6φ5 is stated as in [6]:
6φ5
(
a, qa
1
2 , −qa 12 , b, c, q−n
a
1
2 , −a 12 , aq/b, aq/c, aqn+1 ;q,
aqn+1
bc
)
= (aq, aq/bc;q)n
(aq/b, aq/c;q)n . (28)
Let b → q/b in (28) and use (3) and divide the equation by (qpnab/c;q)∞. Then
n∑
k=0
(a, qa
1
2 ,−qa 12 , c, q−n;q)k
(q, a
1
2 ,−a 12 , aq/c, aqn+1;q)k
×
(
−aq
n
c
)k
q(
k+1
2 ) ·
{
(qnab/c, q−kb, abqk;q)∞
(qpnab/c;q)∞
}
= (aq;q)n
(aq/c;q)n ·
{
(ab/c, b, abqn;q)∞
(qpnab/c;q)∞
}
. (29)
Apply the operator E(dθ) to both sides of Eq. (29) with respect to the variable b, then
n∑
k=0
(a, qa
1
2 ,−qa 12 , c, q−n;q)k
(q, a
1
2 ,−a 12 , aq/c, aqn+1;q)k
×
(
−aq
n
c
)k
q(
k+1
2 ) · E(dθ)
{
(qnab/c, q−kb, abqk;q)∞
(qpnab/c;q)∞
}
= (aq;q)n
(aq/c;q)n · E(dθ)
{
(ab/c, b, abqn;q)∞
(qpnab/c;q)∞
}
. (30)
By Theorems 2.1 and 2.5, we have
E(dθ)
{
(qnab/c, q−kb, abqk;q)∞
(qpnab/c;q)∞
}
= (q
nab/c;q)∞
(qpnab/c;q)∞ ·
(q−kb, qkab, q−kd, qkad;q)∞
(abd/q;q)∞
× 3φ2
(
q−(p−1)n, q1+k/b, q1−k/ab
q1−pnc/ab, q2/abd ;q, q
)
and
E(dθ)
{
(ab/c, b, abqn;q)∞
(qpnab/c;q)∞
}
= (ab/c;q)∞
(qpnab/c;q)∞ ·
(b, abqn, d, adqn;q)∞
(abdqn−1;q)∞
× 3φ2
(
q−pn, q/b, q1−n/ab
q1−pnc/ab, q2−n/abd ;q, q
)
.
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after b → q/b and d → q/d . 
4. Applications to q-integrals
The Askey–Roy integral [10] was given by
1
2π
π∫
−π
(ρeiθ /d, qde−iθ /ρ,ρce−iθ , qeiθ /cρ;q)∞
(aeiθ , beiθ , ae−iθ , de−iθ ;q)∞ dθ
= (abcd,ρc/d, dq/ρc,ρ, q/ρ;q)∞
(q, ac, ad, bc, bd;q)∞ . (31)
Gasper in [5] generalized this integral as
1
2π
π∫
−π
(ρeiθ /d, qde−iθ /ρ,ρce−iθ , qeiθ /cρ, abcdf eiθ ;q)∞
(aeiθ , beiθ , f eiθ , ae−iθ , de−iθ ;q)∞ dθ
= (abcd,ρc/d, dq/ρc,ρ, q/ρ, bcdf, acdf ;q)∞
(q, ac, ad, bc, bd, cf, df ;q)∞ , (32)
where max{|a|, |b|, |c|, |d|} < 1, cdρ = 0. Here we have:
Theorem 4.1.
1
2π
π∫
−π
(ρeiθ /d, qde−iθ /ρ,ρce−iθ , qeiθ /cρ, abcdf eiθ ;q)∞
(aeiθ , beiθ , f eiθ , ce−iθ , de−iθ ;q)∞
× 3φ2
(
bcdf, q/ac, q/ad
qe−iθ /a, q2/acdg ;q, q
)
dθ
= (abcd,ρc/d, dq/ρc,ρ, q/ρ, bcdf, acdf, bcdg, cdfg, acdg/q;q)∞
(q, ac, ad, bc, bd, cf, df, cg, dg, abc2d2fg/q;q)∞ . (33)
Proof. Multiplying the both sides of (32) by (ac, ad;q)∞, we have
1
2π
π∫
−π
(ρeiθ /d, qde−iθ /ρ,ρce−iθ , qeiθ /cρ;q)∞
(beiθ , f eiθ , ce−iθ , de−iθ ;q)∞ ·
(abcdf eiθ , ac, ad;q)∞
(aeiθ ;q)∞ dθ
= (ρc/d, dq/ρc,ρ, q/ρ, bcdf ;q)∞
(q, bc, bd, cf, df ;q)∞ · (abcd, acdf ;q)∞. (34)
Applying the operator E(gθ) to both sides of (34) with respect to the variable a and using
Theorems 2.4 and 2.1, the theorem can be obtained. 
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1
2π
π∫
−π
(ρeiθ /d, qde−iθ /ρ,ρce−iθ , qeiθ /cρ, abcdf eiθ , bcdfgeiθ ;q)∞
(aeiθ , beiθ , f eiθ , ae−iθ , de−iθ , geiθ ;q)∞
× 3φ2
(
bcdf, f eiθ , beiθ
abcdf eiθ , bcdfgeiθ
;q, acdg
)
dθ
= (abcd,ρc/d, dq/ρc,ρ, q/ρ, bcdf, acdf, bcdg, cdfg;q)∞
(q, ac, ad, bc, bd, cf, df, cg, dg;q)∞ . (35)
Proof. Dividing both sides of (32) by (abcd, acdf ;q)∞, we have
1
2π
π∫
−π
(ρeiθ /d, qde−iθ /ρ,ρce−iθ , qeiθ /cρ;q)∞
(beiθ , f eiθ , ce−iθ , de−iθ ;q)∞ ·
(abcdf eiθ ;q)∞
(aeiθ , abcd, acdf ;q)∞ dθ
= (ρc/d, dq/ρc,ρ, q/ρ, bcdf ;q)∞
(q, bc, bd, cf, df ;q)∞ ·
1
(ac, ad;q)∞ . (36)
Applying the operator T (gDq) to both sides of (36) with respect to the variable a and using
Theorems 2.4 and 2.1, the theorem can be obtained. 
Finally, we give a generalization of the Ismail–Stanton–Vinnot integral [7].
Let
h(x;a1, a2, . . . , am) = h(x;a1)h(x;a2) . . . h(x;am),
h(x;a) = (aeiθ , ae−iθ ;q)∞, x = cos θ.
Then we have
Theorem 4.3.
π∫
0
h(cos 2θ;1)
h(cos θ;a, b, c, d, f ) 3φ2
(
ge−iθ , geiθ , g/bcd
ag, fg
;q, abcdf
g
)
dθ
= 2π(abcd, bcdf ;q)∞
(q, ab, ac, ad, bc, bd, cd, bf, cf, df ;q)∞
× 3φ2
(
g/b, g/c, g/d
ag, fg
;q, abcdf
g
)
. (37)
Proof. Askey–Wilson integral is stated as in [1] or [2]:
π∫
0
h(cos 2θ;1)
h(cos θ;a, b, c, d) dθ =
2π(abcd;q)∞
(q, ab, ac, ad, bc, bd, cd;q)∞ . (38)
We rewrite it as
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0
h(cos 2θ;1)
h(cos θ;b, c, d)
(ag;q)∞
(aeiθ , ae−iθ , abcd;q)∞ dθ
= 2π
(q, bc, bd, cd;q)∞ ·
(ag;q)∞
(ab, ac, ad;q)∞ . (39)
Applying the operator T (fDq) to both sides of (39) with respect to the variable a and
using Theorems 2.4 and 2.1, the theorem can be obtained. 
If we take g = bcd , we obtain the Ismail–Stanton–Viennot integral [7]:
Corollary 4.4.
π∫
0
h(cos 2θ;1)
h(cos θ;a, b, c, d, f ) dθ =
2π(abcd, bcdf ;q)∞
(q, ab, ac, ad, bc, bd, cd, bf, cf, df ;q)∞
× 3φ2
(
cd, bd, bc
abcd, bcdf
;q, af
)
. (40)
Remark. The q-differential operators play a fundamental role in q-series [3,4,9,14]. It is
worth to point out that David Sears used similar operational techniques to derive transfor-
mation formulas including what has been known as the sears transformation in [11–13].
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